Abstract. An infinite dimensional Morse lemma is proved using the deformation lemma from singularity theory. It is shown that the versions of the Morse lemmas due to Palais and Tromba are special cases. An infinite dimensional splitting lemma is proved. The relationship of the work here to other approaches in the literature in discussed.
Introduction. This paper shows that when the singularity theory proof of the Morse lemma is extended to infinite dimensions, it gives a result better than the best available. The best available Morse lemma is that of Tromba [1976] , [1981] which improves upon the usual Morse-Palais lemma (cf. Palais [1963] , [1969] ) for the following crucial reason: The Morse-Palais lemma assumes that the second derivative of the function at its critical point is strongly nondegenerate in the sense of defining an isomorphism between the space and its dual. Such a hypothesis is not satisfied in standard elliptic variational problems; however, the hypotheses of Tromba' [1978] and Marsden and Hughes [1983] for elasticity.
In conjunction with the Morse lemma are questions of 1. normal forms for more degenerate singularities and 2. a splitting lemma and reduction to finite dimensional catastrophe theory.
Such questions have been studied by Magnus [1976] , [1978] , [1979] , Arkeryd [1979] and Chillingworth [1980] [1979] and Magnus [1980] . 3. Section 4 discusses the splitting lemma and the associated reduction to finite dimensional catastrophe theory.
Finally, we note that the ideas in Theorem A below are useful in the study of vector fields. In particular, the methods can be used to deal with some C-flat ambiguities in normal forms of vector fields at a singular point. These topics will be the subject of other publications. (preferably) by using a bit of algebraic machinery such as Nakayama's lemma. For more complicated singularities, the use of Nakayama's lemma is a practical necessity.
2. The deformation lemma. Let E be a Banach space. Let g, h: U R be C maps (k_> 1) defined on a neighborhood U of 0 E and satisfy g(0) h(0) 0. For _< l_< k, we shall say that g is C right equivalent to h at 0 if there is a C diffeomorphism :
V-W of neighborhoods of 0 in E such that q,(0)=0 and g(x):h(q(x)) for allx V. Proof of Theorem A. We first show that ft=f+ tp is C right equivalent to f for small t. We find a curve of diffeomorphisms dPt(X)-dp(X,t) such that q0=I, and ft(qt(x))=f(x). To do this, we seek a vector field At(x)--A(x,t) of class C in x and such that At(O)=O and p
(y)--Df(y).A,(y).
If A is found, we let qt be its evolution operator defined by qt(x)--At(qt(x)) and qo--I. Then we have
Thus we get f(q,t(x))=f( 
Dft( y)=Df(y)+ tDp(y)=Df(y)(I+ tR(y)).
Using this and (El), the equation Dft(y).At(Y)=-p(y) becomes
Df(y)(I+ tR(y)).A,(y)--Df(y).A(y).
Since R (0) To do this, use the fact that p has a { .,. ) gradient to write Dp(y).u-(Vp(y),u) (foDVp(ry)" ydr,u).
However, differentiating Dp(x).u=(Vp(x),u) in x, we see that DVp(x) is symmet-
Hence we can take R(y)-fo DXTp(y).y d.
Note that R(0)--0 so we have strong right equivalence, as required.
[] Remarks. (a) There are versions of this theorem for which E is a Banach manifold.
The main difference is to let (., ) depend on the base point. These versions can also be derived from Theorem A. Such generalizations are called for in minimal surfaces (see Tromba [1981] ) and in fluid mechanics where E is a coadjoint orbit (see Arnold 1978, T2T-v,h( y 4. To find a normal form for h, it is enough to find one for glK. Note that the computation of g is not necessarily an easy matter as its definition depends on the implicitly defined function F. However, using implicit differentiation one can in principle calculate the Taylor expression of g to any given order.
Since K is finite dimensional, ordinary catastrophe theory can be used to classify generically what happens in these situations. If h depends on parameters, the splitting lemma is to be used in a parametric way; a specific example is worked out in the following paper (see Example 7). The general results of Chillingworth [1980] also generalize to the present context. Finally, we refer to Magnus [1980] for a splitting lemma under hypotheses similar to those described here.
